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The membrane stress field in a spinning disk induced by a stationary circumferential 
friction force is first derived in the form of an infinite series. It is then shown, both 
by analysis and numerical computation, that this membrane stress field has no effect 
on the stability of transverse vibration of the spinning disk. 
Introduction 
The effects of various load parameters in the stationary point 
load system, such as friction force, transverse mass, damper, 
spring and their pitching counterparts, on the natural fre-
quency and stability of a spinning disk are important to the 
design of high-density floppy disk drives. Ono et al. (1991) 
calculated the eigenvalues of the coupled system by the finite 
element method. Chen and Bogy (1992) derived the first-order 
derivatives of the eigenvalues with respect to various load pa-
rameters in the load system to obtain analytically a better 
understanding of the calculated results. In all these calculations 
and analytical derivations, however, the asymmetric membrane 
stress field induced by the friction force was neglected. It is 
known that the natural frequency and the stability of the system 
can be modified by changing the in-plane stresses (Mote, 1965), 
therefore, as suggested by a reviewer of Chen and Bogy (1992), 
the friction force of the load system may be important in this 
regard. Here we first derive the solution of the friction force-
induced membrane stress field in the form of an infinite series, 
and then we obtain the derivative of the eigenvalues with re-
spect to the friction force to determine its effect on the stability 
of transverse vibration. It is found that this derivative turns 
out to be zero and so the asymmetric membrane stress field 
has no effect on the eigenvalues of the system, at least to the 
first order. Furthermore, we incorporate this membrane stress 
field in the finite element program and confirm that its effect 
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Fig. 1 Concentrated friction force in a disk 
is negligible compared to the contribution from the transverse 
component of the same friction force associated with the slope 
change of the disk when it deflects. The results presented herein 
complement the previous two papers. 
The Asymmetric Membrane Stress Field 
Figure 1 shows a circular disk, which is clamped on the inner 
radius r=a and free on the outer radius r = b, subjected to 
a concentrated force F0 at point (£, 0) in the negative ̂ -direc-
tion, where a < £, < b. To calculate the stress field in the disk 
due to Fe we consider first the displacement and stress fields 
in an infinite domain due to the same force (Love, 1927), they 
are 
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where 
G = r2 + r - 2r£cos0, / / = rcos'ty + r - 2r£cos0. 
E, v, and ft are the Young's modulus, Poisson's ratio, and the 
thickness of the plate, respectively. It is noted that o-$ and 
lift' are even functions of 8, while ffr'1 and ur
l) are odd functions, 
and that these quantities are obtained from the two-dimen-
sional generalized stress solution divided by thickness h to 
result in functions with units of displacement and stress. With 
use of these equations we can find the displacement distri-
butions on r = a and stress distributions on r = b and expand 
them in Fourier series as follows: 
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Fig. 2 Stress distributions on the inner radius for a conventional 3.5-
in. floppy disk 
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The coefficients in these expansions can be obtained easily by 
numerical integration. In general, these series converge very 
fast as long as £ is not very close to a or b, and 20 terms are 
usually enough to obtain a satisfactory result. We now solve 
an auxiliary problem: Find the stress fields oj2.', o$, and afg
] in 
the annular disk with displacements on r = a described by 
Eqs. (4) and (5), and tractions on r = b described by Eqs. (6) 
and (7). Following a procedure similar to that described in 
Coker and Filon (1957), with some obvious modifications, the 
general expressions of the displacement and stress fields of this 
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By comparing the coefficients of cos«0 and sin«0 between Eqs. 
(4)-(7) and (8)-(ll), we can determine A„, B„, C„, and D„ in 
terms of a„, bn, c„, and d„ uniquely. The subtraction of the 
stress fields in Eqs. (10)-(12) from the stress fields in Eqs. (1)-
(3) yields the desired solution for the membrane stresses in the 
clamped-free annular disk due to a circumferential load. Figure 
2 shows the stress distributions on the inner radius when a = 
16.5 mm, £ = 48.75 mm, b = 65 mm, h = 0.078 mm, Fe = 
0.32 N, and v = 0.3. These are typical parameters for a con-
ventional 3.5-in. floppy disk. It is emphasized here that the 
resulting orr and oM are odd functions of 6, while a^ is an even 
function. 
Effect of Friction Force on the Eigenvalues of the Spin-
ning Disk 
The equation of motion of a spinning disk subjected to a 
concentrated friction force in the circumferential direction, in 
terms of transverse displacement w and with respect to the 
stationary coordinate system (/•, 0), is 
(w „ + 2Qw ,e + Q
2wm) +—- V*w + Llw + FeL2w 
ph 
= - - p M ( ' - I W ) (13) 
where fi, h, and D are the rotational speed, thickness, and 
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Fig. 3 Convergence of the natural frequency and the real part of an 
eigenvalue 
flexural rigidity, respectively, of the disk. <5(:) is the Dirac delta 
function. Lx is the membrane operator associated with the 
axisymmetrical stress due to centrifugal force, whose effect 
has been discussed in Chen and Bogy (1992). L2 is the mem-
brane operator associated with the asymmetrical stress due to 











where arr, arS, and aee have been calculated in the preceding 
section. Since the membrane stress field is proportional to F8, 
the operator L2 is independent of Fe. To evaluate the effect 
of the friction force associated with the asymmetric stress on 
the eigenvalues \°m„ = iu>mn of the freely spinning disk, we 
calculate the first-order derivative (see Chen and Bogy, 1992, 
for details of the method) 
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where w°mn = Rmn(r)e
±'"e is the eigenfunction, with m nodal 
circles and n nodal diameters, of the freely spinning disk. The 
inner product in the numerator can be expressed as 
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where the overbar represents complex conjugate. It is noted 
that the integration associated with are always vanishes because 
the two terms in the parenthesis cancel, while the contributions 
from arr and aw also vanish since they are odd functions of 6. 
So we can conclude that the membrane stress field induced by 
the friction force has no effect on the eigenvalues of the spin-
ning disk, at least to the first order in the sense of a Taylor 
series expansion. 
We next incorporate the asymmetric membrane stress field 
due to the friction force into the finite element program de-
veloped in Ono et al. (1991). In order to study the effect of 
this membrane stress field on the eigenvalues, we first consider 
the case when the right-hand side of Eq. (13) vanishes. Since 
there exists a singularity of order r~' in the membrane stress 
field at point (£, 0), it is expected to cause some problems in 
the convergence of the eigenvalue calculations. Figure 3 shows 
the relations between the element size in the radial direction 
and the imaginary (natural frequency u>) and real (stability 
parameter a) parts of the eigenvalue of the mode with one 
nodal diameter and zero nodal circle. The parameters used in 
the calculation are the same as those in Ono et al. (1991) and 
Q, — 100 rpm. It is observed that as the element size approaches 
zero, the natural frequency converges to its correct value while 
the real part of the eigenvalue approaches zero almost linearly. 
Additional eigenvalue calculations using Eq. (13) show that 
including or excluding the membrane effect L2 alters the results 
by less than one percent. So, the significance of Fg on the 
stability of the spinning disk-stationary load system is solely 
through the right-hand side of Eq. (13), and not through L2 
on the left-hand side. 
Conclusions 
We have shown both by analysis and numerical computation 
that the in-plane membrane stress field induced in a spinning 
disk by a stationary circumferential friction force has no effect, 
at least to the first order, on the stability of transverse vibration 
of the disk. 
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